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Outline

A p-adic entire function



The function ¥,

A prime p is fixed all over. We consider the formal solution
Y(T)=Vp(T) =T+ i aT eZ[[T]],
i=2
to the functional equation
(+) ip—f\v(d TP =T.
j=0

The following facts were proven in my thesis (Padova 1974 -
Ann. Sc. Norm. Sup. 1975)



1. W, is p-adically entire;

2. Wp(Qp) C Zp; ,
3. forany i € Z and x € Qp, if we define x_; := Wy(p'x)
mod p € [Fp then

o0

X = Z [x1p' € W(EFp)[1/p] = Qp

i>>—00

where [f], for t € [, is the Teichmililler representative of ¢ in
W(Fp) = Zp.

4. W, trivializes the addition law of Witt covectors with
coefficients in the Fréchet algebra Qp{x, y} of entire functions
of x and y.



(- W (PPX), W(px), W(x)) + (..., W(pPY), V(py), V(y)) =

(- V(PP (X + 1)), W(p(X + ¥)), W(x + ) -
Watch out : This is a sum of Witt covectors | We will explain
later what this means.
Some of these results admit an elementary proof. For example
Proposition

The functional equation (x) has a unique solution
V=v,ec TZ[[T]].



Proof.

We endow TZ[[T]] of the T-adic topology. It is clear that, for
any o € TZ[[T]], the series T — 3, p7p(p/ T)P converges in
TZ[[T]] and that the map

pr— T =Y plp(@T),
j=1
is a contraction of the complete metric space TZ[[T]]. So, this
map has a unique fixed point which is W(T). O
It is also easy to prove that
Proposition
The series V(T) is entire.



Proof.

Since V € TZ[[T]], we deduce that ¥ converges for v,(T) > 0.
On the other hand, it is clear that the coefficient of T in W(T) is
1. Therefore, for vp(T) > 0, vp(V(T)) = vp(T).

Suppose W converges for vp(T) > p. Then, for j > 1, W(p/ T)”
converges for v,(T) > p — 1. Moreover, if j > —p+ 1 and
Vo(T) > p— 1, we have

(o W(PTIP) > —j+ Pl +p— 1),

and this last term — +o0,as j =+ +oc0.

This shows that the series T — 3=, p~/W(p/ T)? converges
uniformly for vp(T) > p — 1, so that its sum, which is ¥, is
analytic for vp(T) > p — 1. It follows immediately from this that
V is an entire function. O



Outline

Integrality of W,



Proposition
Forany a € Qp, Vp(a) € Zp.
Proof. Let a € Z,. We define by induction the sequence

{aitizo01,.. :
ao=a, a=pla-&) . a=pAL-a&)+p'(a-&),

aj = Zp’"(a}”’;’q -,

j=0

Since, for any a,b € Z,, if a= b mod p, then & = b*"
mod p™!, while a= a° mod p, we see that g; € Zp, for any i.



We then see by induction that, for any /,

i1 y i
ai=p'a- Zp’afl ") or, equivalently, a= Zp’af "
=0 =0

More precisely, if we stick in the formula which defines a;,
namely

i1 i1
. C i1 o i)
pa =S 0 Y
j=0 j=0
= i1
the (i — 1)-st step of the induction, namely, a=» _p/a’ * , we

j=0
get

i—1 y
pa=a-> pa” .
j=0
which is precisely the i-th inductive step.



From the functional equation we have
V(p'a)=pa- ZP_ZW (p'pia)” =

- Zp"\lf(p_fa)pifj) mod pZp .

We then see by induction that
V(p~'a)=a mod pZp,

which proves the statement. In fact, assume W(p~/a) = g
mod pZp, for j = 0,1,...,i — 1, and plug this information in the
previous formula. We get

i i—1 -
Voa) = pa- Y p e = pia- Y P ) = .
/=1

j=0

which is the i-th inductive step.



We now know more.

Theorem
The valuation polygon of W,

pr—r v(f,p) = infip+ v(a)

goes through the origin, has slope 1 for . > —1, and slope p/,
for—j—1<upu<—j,j=1,2,....



3 -2 1 lope 1 jine

slope p

slope p?

Figure : The valuation polygon of ¥,



Corollary
The Newton polygon Nw(W) has vertices at the points

i
-1 o
,:ZM):(—P"/P'—PI T—i—p—1).

The equation of the side joining the vertices V; and V;_1 is

V/ = (_p/a /P’ -

its projection on the X-axis is the segment [—p’, —p~]. So,
Nw(WV) has the form described in the next figure.



*

vertex Vs at (—p?,2p0% — p —\1)

' slope -2
vertex V; at (—p',ip —p~' —--- —p—1)

vertex Vy at (—p,p—1)
slope -1
P P

Figure : The Newton polygon Nw(V,) of V.




Corollary

Foranyi=0,1,..., the map V = V¥, induces finite coverings
of degree p',

pi+1 -1
V:{xeCp|vp(x)>—-i-1} — {xeCp|vp(x)>— e },

(in particular, an isomorphism
V:{xeCp|vp(x)>—-1} = {xeCp|vp(x)>—-1},

fori=0).



More precisely, ¥ induces finite maps of degree p’

Vi{xeCp| —(i+1)<vp(x) < —i} —

p/+1_1 p’_']
{xeCp| ——— <Vp(X)<—p_1},
and finite maps of degree p't! — p/
pi+1_1
lll:{xe(Cp|vp(x):—i—1}—>{xe<(3p|—ﬁ§vp(x)}.



The function

Vp: Ay — Af,
is a quasi-finite covering of the Berkovich affine line over Qp by
itself. Aside from ramification, its behaviour is very similar to the
one of the map log : Dg,(1,17) — A(‘@p, where Dg,(1,17) is the
open unit disk in AJ@p. | believe, but cannot prove, that, after
base change to Cp, V,, is a (ramified) Galois abelian covering.
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Additive characters of perfectoid fields



Perfectoid fields

We recall that a perfectoid field is a non-discretely valued
non-archimedean field K such that the Frobenius map of
K°/pK° is surjective. For any perfectoid field (K, | |), one
defines the tilt K> = lim(K, x — xP) of K. ltis a perfect

—

non-archimedean extension of K, K> = K((t1/7>)). The t-adic
valuation of the element w = (w(®, (1) ...) € K*, with

w) € K, ()P = ), is, by definition, vk ().

If K is of characteristic p, then K> = K.



A pseudo-uniformizer w = (w(® « w1 « ...) of K is an
element of (Kb)°°. Forany i=0,1,2,..., we define

wj = (@) « w1 « ), so that w; is the unique p’-th root
of w in K*. We consider the element

m=m(w) = Zw(i)pi + Z(w(o))p_ipi eK.

i>0 i<0

Notice that this is a convergent sum in K and that

w(wP) = pln(w) , w(w)=p (@)



We will use the formula of Dieudonné

H F(X,'Tpi) = expzx(i) Tpi =1+ ZQI(XO:XMH . ,X[|ogp,'])Ti ,
i=0 i=0 i=1

where F(T) =exp(>_72, TP'/p’) € Z(p)[[T]] is the Artin-Hasse
exponential series and x() = S p"~/x?"" is the ghost
component of the Witt vector (xo, X1,...). The plan is to

introduce variables x;, y; with negative indices i and to prolong
that formula into (for S = Z[1/p] N Rxq)

ﬁ F(x;,TP) = exp i X TP =

I=—00 I=—00

14> gql-- Xogal—1- Xog)) T -
qeS



Then, we want to specialize x; — Wp(p~'x), for any i € Z, and
TVP s =) forany i=0,1,2,... and to use the integrality
properties of Wy, (i.e. Wp(Qp) C Zp), to show that the map

X — exp m(w)x, a priori only defined for

1
Vo(X) > o1 Vo(m(w@)) ,
canonically extends to a continuous additive character
Ve :Qp—=1+K”.

Note that such a character is an element of the inverse limit of
1 + K°° under the p-th power map, which is the same as

1 + (K”)°°. We then obtain a map @ — W, from the open unit
disk at 0 to the open disk at 1, both over K”.



On the other hand, forany i = 0,1,2,...,
wwp’ (X) = wW(X)pi )

as convergent series in a neighborhood of x = 0, and for any
fixed x € Qp. So, the previous map

() =1+ (K
w— YV,

commutes with Frobenius. Following a suggestion of Jared
Weinstein, | prove that this map is induced by the Artin-Hasse
function in characteristic p. In particular, it is Fp-analytic, is
independent of K, and it is an isomorphism.



Outline

Barsotti-Witt constructions



The addition of Witt vectors is given by

(X07X1>---7Xm)+(}’07}’1a---7}’m) =
(0o(X0: ¥0), ©1(X0, X1: Y0, Y1) - - - v om(X0s X45 o Xmi Y0, Y45 - -, Ym)) »

where
Pi(X0, X1, -, Xii Yo, Y15 - -+ Vi) € Z[Xo, X1, - Xi, Yo, Y1, -5 Vil -
This is done in such a way that, if
XD =x +p'xP 4+ +p*"xgi
is the i-th ghost component of the vector x, then

(X+ y)(’) — X(i) +y(’) .



This makes a smooth affine group (ring in fact) Wy, over Z and
have W = I@ Wp, as group (ring, in fact) functors. Barsotti

introduced the ring functor of unipotent bivectors
BW“:Ii_n>1(WL>WL>...)

where V(xp, X1,...) = (0, Xo, X1, ... ). It is most convenient to
write the elements of BW(R), for any ring R, as Witt bivectors
with components in R

(+.-,0,0,X_py oy X135 X0, X1y vt ) -

In particular, BWY(Fp) = Qp.



Let us attribute the weight p' to the variables x; and y;. Then
the polynomial om(xo, X1, - .., Xm; Yo, Y1, - - -, Ym) is isobaric of
weight p™. Moreover, for any i > 1

Ci(X0, X1, Xii Yo Vs -5 Vi) — @it (X5 X Y1, -0 Vi)

is divisible by xpyo. The addition operation of unipotent Witt
bivectors is then determined by a single expression

(D(---,anfhxfn,---»Xf1aX0;---,yfnfhyfn»---ayfh}/O):

mirﬂoo(pm(xfmvx1—ma cee aX—17X0§}/—m7}/1—ma “ee a}/—h}’O) )

which in fact is eventually constant since x and y are eventually
0, due to the previous congruences.



The addition of two unipotent bivectors is given by

(...,X_1;X0,X1,...)—I—(...,y_1;y0,y1,...):
('"7¢("‘7X—37X—2;-"7y—37y—2)7¢(‘"7X—27X—1;"’7y—27y—1);
(D("'7X—1aXO;'")y—17y0)7¢("'7X07X1;--'7y07y1)a"')

We still have the formula
(x + y)(i) —x0) 4 y(i) ]

where . .y
XD = x4 p X X

involving the i-th ghost component of the unipotent bivector x.
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Hyperexponential vectors



We recall that the hyperexponential group is the affine group H
(over Z), such that, for any ring R,

H(R) ={(ai,a,...)|aie R},

viewed as an abelian group for the addition law
(31,32,...)+(b1,b2,...) = (C1,Cg,...) if

T+> aT)(+> bT)=1+> ¢T',
i=1 i=1 i=1

for the usual product in the formal power series ring R[[T]]. We
consider a subgroup C of H restricted to Z-rings, called the
Cartier group, namely the subgroup generated by elements of
the form 1+ 32, a, TP, in which case the only relevant entries
of (a1, a,...) € C(R) are (a1, ap, ap, - .. ). It will however be
more convenient for us to use all the entries of (ay, ao, ... ).



We now exploit the isomorphism between the two affine groups
W and C restricted to Z ;. This is essentially deduced from the
formula of Dieudonné

HF(x,-Tp') =exp )y x¥) TP =14 Zgi(xmxh-naX[Iogpi])Ti ;
i=0 i=0 i=1

where F(T) =exp(>-72, Tpi/p’) € Z(p)[[T]] is the Artin-Hasse
exponential series and x() = S p"~/x?"" is the ghost
component of the Witt vector (xp, X1, ... ) (remember that it
must be divided by p' w.r.t. the common use !). The identity,

which is proved by computations in Q[x][[T]], takes however
place in the ring Z[x][[ T]]-



Proposition
The po/ynomials g,'(Xo, X1,y. .. 7X[|ng ,]) S Z(p) [Xo7 X{yeeny X[Iogp ,]]
provide an isomorphism of affine groups W(R) — C(R),

(Xo,X1,...)l—>(y1,y2,...,y,',...):
(g1(X0)?"'7g/'(X07X1?'"7X[|ngi])?"') .

Lemma .
Let us attribute to the variable x; the weight p'. Then

1. The polynomia/ g,'(X(), X{,y... aX[Iog ,]) S Z(p) [Xo, X{,y... aX[Iog ,]]
is isobaric of weight i;

2. 9i(X0, X1, ..., Xjog 1) belongs to the ideal (xo, X1, . .., Xy,(i));
3. Suppose vy(i) > n. Then

9i(X0; X1, - -+, X{iog 1) = Gip—(Xn, - - > X[og7) MOd (X0, -, Xn_1) -



Outline

Universal topological Hopf algebras



We want to extend the definition of bivector with components in
R to certain topological rings R. We define the index set

SZZ{q::,-!f"fezzo}Con , S=S'U{0}.

We consider indeterminates x = (..., X_1; Xp, X1, ...) over Q,
and the rings
P = Z(p)[&] C PQ = @[&] .

We attribute the weight p' to the indeterminate x;, and
consequently a weight s € S to any monomial in the x.



Let v denote the canonical PD-structure on the ideal (p) C Zy).

Definition
For any linearly topologized Z ) -ring R (resp. PD-algebra
(R, J,[1) over (Zy, (P),V)), a sequence

aZ(...,8_2,8_1;80,81,...)

of elements of R (resp. of J) is admissible (resp.
PD-admissible) if, for any neighborhood U of 0 in R and for any
s € S, there exists an m € Z such that, for any monomial

x,? e xf’ of weight s and of positive degree in some x;, with

i<mal.. . a’ e U resp. affd . ..aEre’] cU).



For simplicity, we ignore the PD-case. Similary, we define a
family of simultaneously admissible sequences. The condition
of simultaneous admissibility for two sequences

a:(...,a,g,a,1;ao,a1,...)andb:(...,b,g,b,1;b0,b1,...)

in a complete linearly topologized Z,)-ring R, is precisely what
guarantees that the previous expression for the i-th component
in the sum a + b = ¢ of Witt bivectors with components in R

C,':(D(...,ai—hai;-'~abi—1>bi) =

mlToo @m(ai—ma <oy 81, aj; bl'—ma s bi—1 ) bl) )

converges in R, for any /.



Definition

Forany s € S and m € Z>q, let Ps (resp. Is m) be the
Zpy-submodule of P generated by all monomials in the x of
weight s (resp. and of positive degree in some x;, with i < —m).

So, if m<n,Zs, C Zsm. We write Zs for Zs _y,(s)- We have
Psl—t’m C Is+t7m and ISIf C IS+t 5

fors,t € S, m,n e Z>o. So, the family of submodules Zs n, for
m € Zx>q defines a fundamental system of neighborhoods of 0
for a Zp)-linear topology of Ps. We denote completions by Ps,

Zs. We construct the Rees ring

7° = @fq ,

qes



For s € S’ and m € Z, the subset

Us.m = {(ag)qes € PIqlag € Igm¥q<s},
ges

is an ideal of Z°. The family {Usm}s mis abasis of open ideals
in a linear topology of Z* which coincides with the product
topology. The completion of Z* in this topology will be denoted

by
T=]]Zs.
se€S
We regard Z, via the identification (ag)q +— Y. ges8q7% as a

fng > gesZqT9 of S-power series Y. s aqT9, with aq € Z, for
any g € S.



The point of all this is that the sequence i — X; is admissible in
7 and the sequences i~ x,®1 and 1®x;, are simultaneously
admissible in Z&Z. We make 7 into a complete topological
Hopf algebra over Z,,) by defining

~

ABW : i. — f@z(p)I
X — Xx®1 +1®x
where x = (..., X_2,X_1; Xo, X1, - . . ), meaning that

— (x®1 + 1®x);, for any i € Z. We define the group of Witt
bivectors as the group functor

BW : ARZ(p) — Ab
R — Homur, (Z,R) .

where ARZ@ is a certain category of complete Z,)-linearly
topologized rings.



Proposition
For any q € S, the sequence n — gpng(X—n, - - -, X{log g]—1> X[log q])
converges in7,. We set

9q(- - X1: X0, X1, ... ) == Gq(- - -, Xjlog g]—1> X{log q]) =

lim gp”q(X—m -+ X[log g]—11 Xlog q]) S Zq .

n—oo

Our first main result is

Theorem
The equality
H F(x;T) = exp Z x( TP —
j=—o00 i=—00
1+ Z 9q(. - » X[log g]—1> X[log q])Tq .
gesS

holds inZ = Y qc s ZqT9.



Lemma

For any complete linearly topologized Zy-ring, the set BC(R) of
S-power series 1+ 3_,.saqT9, with ag € R which satisfy the
following condition

(®) For any neighborhood U of 0 in Rand any t € S,
there exists e > 0 such that aq € U for any
ge SN(t—e,t).
is naturally a group.



Proof.

We define a multiplication in BC(R), as follows. Let

T+ ges@T9and 1+ 5 . sbyT9 be in BC(R). Itis easy to
check that, for any g € S, and any neighborhood U of 0 in R,
only a finite set of g1, g» € S, with g1 + g = g are such that
agbg, ¢ U. We may thenset cq =3, 14— 3qbg,, @
converging sum in Z,. We then set

T+ eqT9I=(1+> agTH(1+>_ bgT).
gesS gesS gesS

It is clear that BC(R) with the latter multiplication, is a
group.



Definition

BC(R) is called the group of hyperexponential bivectors with
coefficients in R.

Of course, R — BC(R) is a group functor on complete linearly
topologized Zp-rings.

Notice that, for any complete linearly topologized Zp-ring, and
any bivector (...,a_1; ap, a1, ...) € BW(R), the S-series

1+qu(‘--va—ﬁao,ah...)Tq,
ges

satisfies condition (®), hence is a hyperexponential bivector
with coefficients in R. We have thus defined a morphism of
group functors on complete linearly topologized Zy-rings,

Hex : BW — BC

which we call the Dieudonné map.



Let K be any closed subfield of Cp; we denote by w;, for any
r € Z, the valuation of K{x} given by

w,(f) = XEli)erO v(f(x)) .

Definition
Let ¢, N be positive constants. We denote by K{x, TS }en the
set of S-power series .5 aqT9, with aqg € K{x}, such that

1. apg(px) = aq(x), forany q € S;
2. foranyr,veZ andC € R,

wr(ag) = C — c(max(gp”, )Y — 1),
for almost all q with v(q) < v.

In particular, ay € K and a4(0) =0,ifqg € S'.



Forany Y ,csaqT?and > g bgT9in K{x, TS}¢ n, the sum

Cq = Z 8, bg,

q1+G2=q
converges in K{x}, along the filter of cofinite subsets of S, and
the S-power series 3,5 CqT9 is an element of K{x, TS} .

With the natural operations, K{x, TS}QN is a ring of restricted
S-power series of type (c, N) with coefficients in K. For any
givenme Zand Y cgaqT9 € K{x, TS}; n, we define

1) " agTm=p",
gesS
where

7:inf(Wr(aq)+c(max(qp’,1)’v— 1)|qe S, v(q) < m—r) :

Then || ||m is @ norm on K{x, TS} y compatible with the p-adic
valuation of K. The family of norms {|| ||m} mez makes
K{x, TS}C,N into a Fréchet algebra over the valued field

(K7| ‘P)



A strong effort is required to prove that

Theorem .
The specialization x; — Vp(p~'x), for any i € Z, defines a
continuous morphism of topological rings

7 — K{x, TS} b1
p_ ?
More precisely, we have

max(p’q, 1) — 1

wr(Gg) > ~v(q) + max(logy q. —r) ~ L 2



The functions 9q(- -, Xjlog g — 1, Xllog g) Now specialize, via

X; = Vp(p~'x), ie. x() — p~'x, to entire functions Gg(x), with

coefficients in Z ), satisfying Ggp(px) = Gg(x), forany g € S,

such that Gy(a) € Zp, for any a € Qp. So, the previous equality
becomes the following equality in Qp{x, TS},%J

ﬁ F(W(p~'x)TP) exp( Zp’TP )

i=—o0



We now pick a perfectoid field K, Qp, € K € Cp and the
pseudouniformizer = (w());—o 4. of K*. Forany g € S, we
set 4

(79 .= lim (0%

J—oo

Notice that (7(?))9 — 0 as v,(g) — +oc. Then, we may
specialize T'/P" — w(" and we conclude

[TFv (e %) (=@ [T F(w(p'x)aD) =
i=0 i=1

expm(w)x =1+ i(w(o))qu(X) :
geS

as germs of K-analytic functions in a neighborhood of 0.



The last term of the previous equality restricted to x € Qp
represents a convergent sum of uniformly continuous functions
Qp — 1+ K°° because Gg4(a) € Zp, forany ac Qp. ltis a
homomorphism, since it is obtained from a homomorphism

W — C. So, this gives a formula for

= (Qo,+) = (1 + K1),
that is for W, € 1 + (K”)°°.

In the end, we have given a canonical p-adic analytic
construction of a canonical coherent choice of W, (p~") among
the p"-th roots of exp(p"n(w)), for n >> 0, and we set

Ve = (Vo (p™"))n=01... Itis a simple matter to see that this
map coincides with the Artin-Hasse exponential in
characteristic p. It is therefore an isomorphism.
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