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. . . . . .

Notation

Use the following notation in this talk.

k : algebraically closed field (“constant field”).

B : normal projective variety over k.
Fix an ample line bundle H on B when dim(B) ≥ 2.

K : the function field of B, or sometimes a finite number field

Then we have the notion of height over K.

Kazuhiko Yamaki (Kyoto University) Recent progress in GBC August 28, 2015 4 / 33



. . . . . .

Canonical heights on abelian varieties

A : abelian variety over K

For n ∈ Z, set [n] : A → A to be [n](a) = na.

L : line bundle on A, and assume L is even, i.e., [−1]∗(L) ∼= L.

Note: If L is even ⇒ [n]∗(L) ∼= L⊗n2
(∀n ∈ Z).

.
Theorem
..

......

There exists a unique height function ĥL associated to L such that
[n]∗ĥL = n2ĥL for any n ∈ Z. Furthermore, ĥL is a quadratic form
on the additive group A

(
K
)

This ĥL is called the canonical height associated to L.
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[n]∗ĥL = n2ĥL for any n ∈ Z.
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[n]∗ĥL = n2ĥL for any n ∈ Z. Furthermore, ĥL is a quadratic form
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. . . . . .

Properties of canonical heights

.
Proposition
..

......

(Compatibility with tensor products) For any even L1, L2, we

have ĥL1⊗L2 = ĥL1 + ĥL2 .

(Compatibility with homomorphism) If f : B → A a
homomorphism of abelian varieties and L is an even line bundle
on A, then f ∗ĥL = ĥf∗(L). (Remark that the pullback of an
even line bundle is again even.)

(Positivity) If L is ample as well as even, then ĥL ≥ 0.

.
Remark
..

......Since ĥL is a quadratic form, for x ∈ A(K)tor, we have ĥL(x) = 0.
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. . . . . .

Bogomolov conjecture for curves

C : smooth projective curve over K of genus g ≥ 2
J : the Jacobian of C,
Fix a degree 1 divisor D on C.

jD : C → J : embedding given by x 7→ [x−D]
L : even ample line bundle on J
ĥL : J

(
K
)
→ R : canonical height (remark ĥL ≥ 0)

For any ϵ > 0, set C(ϵ;L) := {x ∈ C(K) | ĥL(x) ≤ ϵ}.
.
Conjecture (Bogomolov conjecture for curves)
..

......

When K is a function field, assume that C is non-isotrivial(, that is,
there does not exists a curve C0 over k s.t. C ∼= C0 ⊗k K). Then
there exists an ϵ > 0 such that C(ϵ;L) is finite.
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ĥL : J

(
K
)
→ R : canonical height (remark ĥL ≥ 0)
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. . . . . .

Ullmo’s theorem and Cinkir’s theorem

.
Theorem (Ullmo (1998))
..

......

Assume that K is a number field. Then the Bogomolov conjecture
holds, i.e, #C(ϵ;L) < ∞ for some ϵ > 0.

The conjecture over function fields is still open, though.
.
Theorem (Cinkir (2011))
..

......

Let K be the function field of B. Assume that dim(B) = 1 (, so
that K is a function field of tr.deg. 1,) and assume that char(k) = 0.
Then the Bogomolov conjecture holds, that is, if C is non-isotrivial,
then #C(ϵ;L) < ∞ for some ϵ > 0.
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. . . . . .

Main result
.
Theorem (Y-, preprint (2015))
..

......

Over any function field K, the Bogomolov conjecture holds, that is,
there exists an ϵ > 0 such that C(ϵ;L) is finite.

.
Remark
..

......

Cinkir’s theorem is effective (when L is a symmetric theta
divisor), but not is ours.

The proofs of Cinkir’s and ours are totally different. We use
Ullmo’s and Zhang’s idea in part.

.
Remark
..

......

To prove the above theorem, we need a generalized version of
Bogomolov conjecture, called the geometric Bogomolov conjecture
for abelian varieties (explained later).
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§ 2 Zhang’s theorem
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. . . . . .

Zhang’s theorem

X : closed subvariety of A over K

For any even ample L on A and ϵ ∈ R, set

X(ϵ;L) :=
{
x ∈ X

(
K
)
| ĥL(x) ≤ ϵ

}
.

Suppose that X is a torsion subvariety(, that is, there exist an
abelian subvariety G and a torsion point τ ∈ A(K)tor such that
X = G+ τ). Then for any ϵ > 0, X(ϵ;L) is dense in X; Indeed,
G(K)tor + τ is contained in X(ϵ;L) and is dense in X.
.
Theorem (Zhang (1998))
..

......

Assume that K is a number field. Let L be ample and even. Then, if
X(ϵ;L) is dense in X for any ϵ > 0, then X is a torsion subvariety.

Note that this theorem generalizes Ullmo’s.
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. . . . . .

Height 0 points

Assume that K is a number field. Let L be ample and even. Then it
is classically known that for any x ∈ A(K), if ĥL(x) = 0, then x is a
torsion point. Zhang’s theorem claims the same thing holds for
positive dimensional suvbvarieties.

When K is a function field, A has height 0 points other than torsion
points in general. This indicates that we cannot expect the same
statement as Zhang’s theorem over function fields in general.
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. . . . . .

Density of small points

.
Lemma
..

......

Let L1 and L2 be even ample line bundles on A. Then the following
are equivalent to each other:

...1 X(ϵ1;L1) is dense in X for any ϵ1 > 0;

...2 X(ϵ2;L2) is dense in X for any ϵ2 > 0.

This means that “X(ϵ;L) is dense in X for any ϵ > 0” does not
depend on the choice of L.

Let X be a closed subvariety of A. We say X has dense small points
if X(ϵ;L) is dense in X for any ϵ > 0, where L is even ample.
.
Theorem (Zhang (1998), restated)
..

......

Assume that K is a number field. Then, if X has dense small points,
then X is a torsion subvariety.
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. . . . . .

§ 3 Geometric Bogomolov conjecture
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. . . . . .

How about the function field case?

From here on to the end, let K be the function field of a normal
projective variety B over k.

Then, in general, there is a closed subvariety X of A which is not a
torsion subvariety but has dense small points. Such a phenomenon
caused by contribution of the constant part of A.
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. . . . . .

Constant case

B̃ : abelian variety over k
B := B̃ ⊗k K : “constant” abelian variety

Ỹ ⊂ B̃ : closed subvariety
Y := Ỹ ⊗k K : “constant” subvariety of B.

Regard Ỹ (k) ⊂ Y (K). Then one sees that Ỹ (k) is a dense subset of
Y of height 0 points. Thus Y has dense small points. Furthermore,
.
Lemma
..

......

Let ϕ : B → A be a homomorphism. Then ϕ(Y ) has dense small
points.

To control such constant contribution, we use “trace”.
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. . . . . .

Trace

A K/k-trace of A is the universal one among the homomorphisms
from a constant abelian variety to A:
.
Definition
..

......

A pair
(
ÃK/k,TrKA

)
of an abelian variety ÃK/k over k and a

homomorphism TrKA : ÃK/k ⊗k K → A is called a K/k-trace of A if

it has the following universal property: For any abelian variety B̃ over
k and any homomorphism ϕ : B̃ ⊗k K → A, there exists a unique
homomorphism ϕ̃t : B̃ → ÃK/k such that ϕ decomposes as

ϕ : B̃ ⊗k K
ϕ̃t⊗kK−−−−→ ÃK/k ⊗k K

TrKA−−−→ A .

It is known that there exists a K/k-trace for any A, and it is unique
up to a canonical isomorphism.
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homomorphism ϕ̃t : B̃ → ÃK/k such that ϕ decomposes as

ϕ : B̃ ⊗k K
ϕ̃t⊗kK−−−−→ ÃK/k ⊗k K

TrKA−−−→ A .

It is known that there exists a K/k-trace for any A, and it is unique
up to a canonical isomorphism.

Kazuhiko Yamaki (Kyoto University) Recent progress in GBC August 28, 2015 17 / 33



. . . . . .

Trace

A K/k-trace of A is the universal one among the homomorphisms
from a constant abelian variety to A:
.
Definition
..

......

A pair
(
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. . . . . .

Height 0 points (function field case)

.
Proposition (cf. Lang’s book)
..

......

For x ∈ A
(
K
)
, x has height 0 if and only if

x ∈ TrKA

(
ÃK/k(k)

)
+ A

(
K
)
tor

.

Kazuhiko Yamaki (Kyoto University) Recent progress in GBC August 28, 2015 18 / 33



. . . . . .

Height 0 points (function field case)

.
Proposition (cf. Lang’s book)
..

......

For x ∈ A
(
K
)
, x has height 0 if and only if

x ∈ TrKA

(
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. . . . . .

Special subvarieties
.
Definition
..

......

We say that X is special if there exist a closed subvarieties
Z̃ ⊂ ÃK/k, an abelian subvariety G ⊂ A and a torsion point
τ ∈ A

(
K
)
tor

such that

X = Tr
K/k
A

(
Z̃ ⊗k K

)
+G+ τ.

.
Remark
..

......

A torsion subvariety is a special subvariety. If the K/k-trace is
trivial, then a special subvariety is a torsion subvariety.

A special subvariety has dense small points. In fact, with the

notation above, Tr
K/k
A

(
Z̃(k)

)
+G

(
K
)
tor

+ τ is dense in X,

and any point of this set has height 0.
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. . . . . .

Geometric Bogomolov conjecture

.
Conjecture (Y- (2012), GBC for A)
..

......

Let X be a closed subvariety of A. Then, if X has dense small
points, then X is a special subvariety.

Recall the BC for curves over function fields: Suppose that C is
non-isotrivial; then C should not have dense small points (as a
subvariety of its Jacobian J). Note that the BC for curves over
function fields is a part of GBC for abelian varieties, because
non-isotrivial curve C of genus g ≥ 2 cannot be special in J .
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. . . . . .

Known results on GBC

GBC is still open, but there are partial answers:

Gubler’s theorem (2007) claims the following: Assume that A is
totally degenerate at some place; If X has dense small points,
then it is a torsion subvariety. (In this case, the trace is trivial,
so that special subvarieties are torsion subvarieties.)

Let m be the maximal one among the abelian subvarieties of A
which are everywhere good reduction. Then we have:

.
Theorem (Y-, to appear in Comp. Math.)
..

......If GBC holds for m, then that holds for A.

.
Remark
..

......

Since m = 0 in Gubler’s setting, Theorem 3.7 generalizes Gubler’s
theorem of totally degenerate setting.
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. . . . . .

§ 4 Structure of the proof of the main result
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. . . . . .

Setting

K : function field
A : abelian variety over K
X : closed subvariety of A
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. . . . . .

Further results

The main result (BC for curves) is a part of a more general result:

.
Theorem (Y-, preprint (2015))
..

......

Suppose that dim(X) = 1. Then if X has dense small points, then
X is special.

The above theorem follows from:
.
Theorem (Y-, preprint (2015))
..

......Suppose that codim(X) = 1. Then the same as above holds.

From “codim 1 case” to “dim 1 case” (by contradiction): Suppose
that there exists X s.t. dim(X) = 1, X non-special, and with dense
small points. Then (after some reduction steps),
Y := X + · · ·+X ⊂ A can be a non-special subvariety of
codimension 1 of A with dense small points, which contradicts
“codim 1 case”.
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. . . . . .

Three steps of the proof

.
Theorem (Y-, restated)
..
......If GBC holds for m, then that holds for A.

Step 1. We may assume that A has everywhere good reduction
(based on the above theorem.

Step 2. Furthermore, we may assume assume that the trace of A is
trivial (based on [Y-, preprint (2014)]).

Step 3. Show the positivity of the canonical height of X by
calculating intersections on abelian schemes (Y-, preprint (2015)).
Then we obtain the conclusion.

The above theorem is one of the key steps, and its proof uses
non-archimedean geometry quite essentially.
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. . . . . .

§ 5 Non-archimedean geometric part
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. . . . . .

Goal in the remaining

.
Theorem (Y-, restated)
..

......

If GBC holds for m, then that holds for A. (Here m ⊂ A :
everywhere good reduction, maximal.)

To explain an idea of the proof of the above theorem, we assume for
simplicity that:

A is simple;

A is degenerate at some place.

Note then that

A has trivial trace;

a special subvariety is a torsion point.

Let X be a closed subvariety of A. Suppose that X has dense small
points. Then we want to prove that X consists of a torsion point.
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. . . . . .

Canonical measures

K : alg. closed field complete w.r.t. non-trivial non-arch. value

A : abelian variety over K
L : line bundle on A with a canonical metric
X : closed subvariety of A
d := dim(X)

c1(L|X)d : Chambert-Loir measure on Xan associated to L|X ,
µX,L := (1/ degL(X))c1(L|X)d, called a canonical measure: positive

SX := Supp(µX,L), called the canonical subset

Known that SX does not depend on L.
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. . . . . .

Strict supports

.
Theorem (Gubler (2010))
..

......

The canonical subset SX has a canonical piecewise linear structure.
Furthermore, for a suitable polytopal decomposition Σ of SX , we can
write

µX,L =
∑
σ∈Σ

rσδσ,

where rσ non-negative real number and δσ is (the pushout of) the
Lebesgue measure on σ.

Let σ be a polytope of SX . We call σ a strict support of µX,L if
there exists an ϵ > 0 such that µX,L − ϵσ is positive.
.
Remark
..
......One sees that the notion of strict support does not depend on L.
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. . . . . .

Semistable alteration and the measures I

Suppose that X can be defined over DVF.

We can take a proper
strictly semistable formal X ′ over the ring of integers of K and a
generically finite surjective morphism f : X ′ → Xan, where
X ′ := (X ′)an (based on de Jong’s alteration).

str(X̃ ′) : set of strata of X̃ ′

∆S : canonical simplex associated to S ∈ str(X̃ ′)
S(X ′) =

∪
S∈str(X̃ ′) ∆S : skeleton of X ′ associated to X ′.

.
Proposition (Gubler (2010))
..

......c1(f
∗L)d =

∑
S∈str(X̃ ′) rSδ∆S

(rS ≥ 0).

.
Remark
..
......“rS > 0” does not depend on L.
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. . . . . .

Crucial lemma

.
Proposition (Gubler (2010))
..

......

Let σ be a strict support of a canonical measure on Xan.

Then there
exists a canonical simples ∆S of S(X ) s.t.

σ ⊂ f(∆S), and

dim(σ) = dim(∆S)(, and hence these equal dim f(∆S)), and

rS > 0.

.
Lemma (Y-, crucial lemma)
..

......

Let σ be a strict support of a canonical measure. Then for any ∆S

with σ ⊂ f(∆S) and dim(f(∆S)) = dim(σ), we have
dim(σ) = dim(∆S) (and in fact, rS > 0 furthermore).
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. . . . . .

Proof I

Recall that our goal: Assume that A over K is simple and is
degenerate at a place v and that X ⊂ A has dense small points.
Then X is a torsion subvariety.

Suppose that X is not a torsion subvariety but has dense small points
(arguing by contradiction). For N ≥ 2, let AN → AN−1 be the
homomorphism given by (x1, . . . , xN) 7→ (x1 − x2, . . . , xN−1 − xN),
and let Y be the image of XN ⊂ AN . Since X has trivial stabilizer,
there exists an N > 0 s.t. the restriction morphism β : XN → Y is a
generically finite surjective morphism.

Let µXN
v
and µYv be canonical measures, where “v” indicates the

associated analytic spaces at v. Then we can show β∗µXN
v
= µYv by

the theorem of equidistribution of small points (Szpiro–Ullmo–Zhang,
Gubler).
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. . . . . .

Proof II

We observe:

Since X has dense small points but is not torsion, dim(X) ≥ 1,

so that µXv has a strict support of positive dimension.

Note that µXN
v
is the product of N copies of µXv . Since the

diagonal of XN
v contracts to a point, there exists a strict

support σ of µXN
v
s.t. dimσ > dim(β(σ)).

Since σ is a strict support, β(σ) is a strict support.

On the other hand, take “semistable alteration” f : (Z ′)an → XN
v .

Since σ is a strict support, there exists a canonical simplex ∆S

s.t. dim(∆S) = dim(σ) = dim f(∆S).

Then β(σ) ⊂ β ◦ f(∆S) and dim β ◦ f(∆S) = dim(β(σ)).

Note that β ◦ f : (Z ′)an → Yv is also generically finite.

Since β(σ) is a strict support, the crucial lemma shows us
dim∆S = dim(β(σ)), and hence dim β(σ) = dim σ;
contradiction.
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